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MATH2101 Complex Analysis (Year 2008/09)

Examination questions and solutions

What does it mean for a function f to be holomorphic in the domain 2 ¢ C?

Describe three types of isolated singularities of a function f by explaining how
they are related to the principal part of its Laurent expansion.

(c) Let f be an entire function, satisfying the inequality |f(z)| < C+/|z| for all
z € C with some positive constant C. Prove that f(z) =0 for all z € C.
Solution.
(a) A function f 1s said to be holomorphic in a domain Q if it is differentiable at

(b)

every point of (2.

If a function f has an isolated singularity at a point 2, then it has the Laurent
expansion of the form
o0
f(2)= ) ealz - 20)
n=—oo

If cx =0 for k< =M, M > 0 and c_p # 0, then the function is said to have
a pole of order M.

If there is no such number N € Z that ¢, = 0 for all k < N, then the
singularity is said to be essential.

If ex = 0 for all £ < 0, then the singularity is said to be removable.

Since f is entire, it can be expanded in the Taylor series

with the infinite radius of convergence. Here

1 z
p = —"—/ f(+3d3
211 Jyyap 2°
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for arbitrary R > 0. Estimate the integral using the estimation result, estab-
lished in the lectures:

1
lan] € — max(|f(2)]lz| """ ")2nR < CRZ ™.

27 |z|=R

For n > 1 the right hand side tends to zero as R — o0, s0 that g, =0 1%
n = 0, then the right hand side tends to zero as R — 0, so that ap = 0 as
well. This shows that f(2) = 0 for all z € C.
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2 (a)

Suppose that a function f is holomorphic on the disk Dz, 7) = {28 €
|z — zp| < r} with some r > 0, and that it has a zero of order m at 2,. Show

that the function

h(z) = (1)

has a simple pole at z; and that Res(h, z5) = m.

Suppose that a function f is holomorphic on the punctured disk D'(zy,7) =
{z € C:0 < |2~ 2| < r} with some r > 0, and that it has a pole of order [

at zp. Show that the function h(z) defined in (1) has a simple pole at z, and
that Res(h, zp) = —L.

Let p(z) be a polynomial of degree n, and let R > 0 be a number, such that
the disk D(0, R) = {2 € C: |z| < R} contains all roots of p(z). Let (0, R) be
the circular contour of radius R, with the counterclockwise orientation. Using

Part (a), compute the integral
' (z
/ Py )dz.
+vo,r) P(2)

Solution.

(a)

By definition of f:

&)= Y ez = 2)* cm1 £0,

k=m+1

and hence,

f(2) = (2 — 2)"g(2),
with a function g, holomorphic on the disk, such that g(z;) # 0. Therefore
f'(z) = m(z — 20)™"g(2) + (2 — 20)™¢(2), and

h(z) = primes - o2

The second summand is analytic in a neighbourhood of z,, so that indeed, A
has at 2, a simple pole with the residue m.
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By definition of f:

o0

f(2) =) exlz — 20)*,c_1 #0,

k=-I1

and hence,
f(2) = (z - 20)"'g(2),
with a function g, holomorphic on the disk, such that g(zp) # 0. Therefore
f'(z) = —l(z — 20) """ "g(2) + (2 — 20)"'¢'(2), and '
l 9'(2)
o .
z—z 9(2)

h(z) = -

The second summand is analytic in a neighbourhood of zp, so that indeed, h
has at z, a simple pole with the residue —L.

The polynomial p has exactly n roots (counting multiplicity). Let z;,29,...,2,,8 <
n, be the roots of p with multiplicities m;, ma, ..., ms, s0 that m;+mg+---+

ms = n. By Part (a), this means that the function h = p/p~! is analytic on
the disk D(0, R) except at the simple poles at the points 2;, 23, ..., 2, and
Res(h,z;) = mj,j =1,2,...,s. By Cauchy’s Residue Theorem,

/ h(z)dz = 2m Z Res(h, z;) = 2mi(my + ma + - - - + m,) = 2min.
7(0,R)

Jj=1
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3. (a) Find all poles of the function

Determine the order and calculate the residue at each pole.

(b) Using the Cauchy Residue Theorem evaluate the integral

1
I= [ s
r(z+1)sinz

along the positively oriented circular contour I' of radius 2, centered at 2, = 0.

Solution

. ] (a) The denominator has roots at z = 0 and at the roots of e* — 1, i.e. at the
points 2mwin, n € Z.
Let us determine the order of the pole at z = 0. Writing Taylor’s expansion
for e*, we find that

so that z = 0 is a pole of order 2 of the function f. To find the residue use
the formula

d e* —1— zé?
Res(f,0) = lim — = lim ———————
e i]rl—~nfl1 dze* -1 11—1-1% (e — 1)2
I —ze* ll_ z 1
= umm -—————=—-——\l1mm — = ——
2—0 2e%(e* — 1) 2z2-0e* — 1 2

The limit above was found using I'Hopital’s rule.
Let us find the residues at the remaining poles. Note, first of all, that

o0

. &F = ez—?mn e Z (z___z_:”i

k=0
so the poles at 2min, n # 0 are simple. The residues are
(2 —2min) 1 (z — 2min)

Res(f,2min) = i i '
es(f 7S i z(e* —1) 2min z—l-lgrlf" ety ]

1 , 1 1

= , im
2Tin z—2mnin * 2min
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Again, we have used 1'Hopital’s rule.

(b) It is clear that z; = —1 is a simple pole of the function

1
(z+1)sinz

f(2) =

Furthermore, the function sin z has one root zg = 0 inside the contour, and

: 2
SIN 2 =Z = == = i)

3!

so 2z is a simple pole of f.
Thus, by the Cauchy residue theorem we conclude that

I = 2miRes(f,0) + 2wiRes(f, —1).

Calculate:
Res(f,0) = lim —— lim —— =1
E3Y [ = I ————=aemmea (= =S =4y
:—0 (z+ 1)sinz :—0sinz
1 1
Rea(f;~1)= lim —— = ——xu.
z—-18in 2 sin 1
Consequently,

1
!:21ra'(l— TS )
sin 1
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4. (a) Let f(2) = u(z,y) + iv(z,y) be an entire function, and let u be a function of
z alone. Show that f(z) = az + b with some constants a € R and b € C.

(b) Evaluate the following integral by integrating around a suitable closed contour:

= COS T
—_—dr.
e B 21

Solution.

(a) By Cauchy-Riemann Equations, v, = —u, = 0, so that v depends only on
y, i.e. u(z,y) = g(z) and v(z,y) = h(y). Using Cauchy-Riemann Equations
again, we get u, = vy, i.e. g;(z) = hy(y). This implies that both g, and h,
are constant functions, and hence

9(z) = az + &1, h(y) = ay + ¢
with some real constants a, ¢;,c;. Now,
f(2) = g(z) + th(y) = az+ b,b = ¢ + icy,

as claimed.

iz
2#+2+1
This function has two poles: at —1/2 %+ i1/3/2.
Define the contour

9(z) =

sl S e
M® = {Imz=0, |Rez| < R}, TP = {z = Re®, 6 € [0,7]}).

Only the pole zg = —1/2 + i\/(—’;/Z is inside I'® so, by Cauchy’s Residue
Theorem,

/ 9(2)dz = 2miRes(g, zo).
(/)
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Find the residue:

Res(g, zp)

Consequently,

‘/|"uu ez =

Estimate the integral

Thus
L

COST
2 +z+1

0= Re/g(:r)d;t: = R{?(
R R

1z
e

1/2 + 1v/3/2

i - z) = lim
Bl ) = I o

1o
= ———f

V3/2- i/2
iV/3

2”1 3 ﬁfg— /2 2?]— _\/5/2 = 5
——e VVETUS = —¢ cosl/2 —1sin1/2).
w5 73 ( / /2)

. By Jordan’s Lemma

'/zb‘g’“ g(2)dz

R
along I} )

— 0, R — oo.

lim
—+00

] =2 o D
];fm g(z)dz.) o \/5
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: z : -
5. (a) Prove that the function g(z) = — has a removable singularity at z = 0,
sin 2

and ¢(z) is analytic in a neighbourhood of z = 0 if one assumes g(0) = 1.

(b) Evaluate the following integral by integrating around a suitable closed contour:

dz.
,/_:x i+ 4 $

Solution.

(a) Expanding sin z in the series, we see that

z 4 1 2
9(2) = —=—3 =— =1+=+....
sin z Sl s Bt o 6
. Hence, ¢ has a removable singularity at z = 0, and ¢ is analytic if one defines
9(0) = 1.
(b) Let
1
Z) = ;
f(z) 24+ 4

This function has four simple poles: at z = +v/2¢""/4 and ++/2ie"™/4.
Define the contour
R R R
8 )
l—’{]m ={Imz=0, |Rez| <R}, T¥® = {2z = Re*, 0 €0,n]}.

Only the poles z; = v/2¢'™* and z, = v/2ie'™/4 are inside I'"®), so, by Cauchy’s
Residue Theorem,

f(z)dz = 2mi(Res(f, 1) + Res(f, z2)).

. I'(R)

Find the residues:
1
Res(f,z;) = lim(z— z %) =slim - _
st 21) z-—zl( 1/ (2) i~ (z 4 v/2e7/4) (2 — /2iei"/4)(z + /2iei"/1)

1 \/Q in/4

% 2\/'2{,_1'5}4 : \/i(_,w/ri(] '.':) ; \/5{’.“"4(1 1 3) 16 1
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1
Res(f,z) = lim(z — z) = lim - , :
ohfil) = LG R I s Ve (s — Ty + B
i 1 = i_\/_‘é(u—.'h'n,/rl e QP—M,“I.
V2em/4A(1 + 1) - V2e /A1 — 1) - 2iv/2e/4 16 |
Consequently,
2miv2 , . . V2, ® =
dz = — _’”/4 T rf_””'" -— sin — = —, ‘
I(R) /(2) 16 (6 ) 4 %1114 4

Estimate the integral along F(Qm:

(2)dz| < max |f(2)|-27R < 27R — 0,

zeri®

{ () Ri-—-1
2

as K — oo. Thus

5 m
/Rf(:r)d:r = lim /ﬂm f(2)dz = i
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6. (a) Find the Laurent expansions of the function
1
9(z) = —= o
(z+1)(z - 3)
valid for
L <2<« 3;
ii. 1<|z—-2| <3.
(b) Prove that
2m v
0s 20
|22 o= on(-a+ ),
o 2+cosf V3
using the Cauchy Residue Theorem.
Solution.
(a) Expand, using partial fractions:
1 ]
z)=— -
sl T P
i. Re-write the above expansion
1 1 1 o= (-1)F 1 o2k
Ble) = =y l) T T P ST BT
e z 3 k=0 = k=0
1 o ) LI B
O SR v
=0 k=0
ii. Denote w = z — 2 and re-write:
(2) 1 1 1 % 1
g(z) = — = —
2 w+3)  Aw-1)  120+2) " 2w(l-1)
1 — ,\u;k 1 o 1
-_— —— ewe— —1 — —
12 Z( 3 4 wk
k=0
l oo ~ 1 oo
2 e e D

k=

k:[)
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(b) Make the substitution: z = €, so that

z+ 27} 24 dz
y cos28 = z—j—,d(?; —1—,

cosf =

whence
; / 122+ 277 dz / 2t +1 1
=—i | A = = | 42,
r2+3i(z+271) z rz23(z2+4z+1)
2

where T is the positively oriented circular countour of radius 1 centered at
29 = 0. The denominator has three distinct roots:

ZDIU,Z] = -2+ \/5,2-2 = -2 \/3
Only 2, z; are inside the disk. Thus, by the Cauchy Residue Theorem

24 41
= 2?’[’R{i.5'(f, Zu) =4 Q?TRE.S(f,Zl), f(Z) = m

The pole at z = 0 is of order 2, so

d z'+1 32322+ 42+ 1) — (2* +1)(22 + 4)
Res(f,0) = lim — 55— =1i =—4.
es(/,0) r0dz 2 +4dz+1 20 (22 + 4z +1)?

The pole at z; is simple, and hence

2 +1 7 +1
Res(f,z) = lim(z - gt
elhn) = =) A=)

(—2+V3)*+1  2(49 — 28v3) 7

T l=2+vAr a3 (1~4V3) 2/3 V3

Therefore

r=2n(-a+ ),

as required.
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